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Nathan Morrizson




PREFACE

The purpose of this monograph is to give an axiomatic
foundation for the theory of probability. The author set himself
the task of putting in their natural place, among the general
notions of modern mathematics, the basic concepts of probability
theory—concepts which until recently were considered to be quite
peculiar,

This task would have been a rather hopeless one before the
introduction of Lebesgue's theories of measure and integration.
However, after Lebesgue's publication of his investigations, the
analogies between measure of a set and probability of an event,
and between integral of a function and mathematical expectation
of a random variable, became apparent. These analogies allowed
of further extensions; thus, for example, various properties of
independent random variables were seen to be in complete analogy
with the corresponding properties of orthogonal functions. But
if probability theory was to be based on the above analogies, it
still was necessary to make the theories of measure and integra-
tion independent of the geometric elements which were in the
foreground with Lebesgue. This has been done by Fréchet.

While a conception of probability theory based on the above
general viewpoints has been current for some time among certain
mathematicians, there was lacking a complete exposition of the
whole system, free of extraneous complications. (Cf., however,
the book by Fréchet, [2] in the bibliography.)

I wish to call attention to those points of the present exposition
which are outside the above-mentioned range of ideas familiar to
the specialist. They are the following: Probability distributions
in infinite-dimensional spaces (Chapter 111, § 4) ; differentiation
and integration of mathematical expectations with respect to a
parameter (Chapter IV, § 5) ; and especially the theory of condi-
tional probabilities and conditional expectations (Chapter V).
It should be emphasized that these new problems arose, of neces-
sity, from some perfectly concrete physical problems.?

' Cf., e.g. the paper by M. Leontovich quoted in footnote 6 on p. 46; also the
joint paper by the author and M. Leontovich, Zur Statistik der kentinuier-
ichen S;atsms wund des eitlichen Verlaufes der physikalischen Verglnge.
Phys, Jour. of the USSR, Vol. 3, 1933, pp. 35-63.
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vi Preface

The sixth chapter contains a survey, without proofs, of some
results of A. Khinchine and the author of the limitations on the
applicability of the ordinary and of the strong law of large num-
bers. The bibliography contains some recent works which should
be of interest from the point of view of the foundations of the
subject.

I wish to express my warm thanks to Mr. Ehinchine, who
has read carefully the whole manuscript and proposed several
improvements.

Kljasma near Moscow, Easter 1983,

A. Kolmogorov
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Chapter I

ELEMENTARY THEORY OF PROBABILITY

We define as elementary theory of probability that part of
the theory in which we have to deal with probabilities of only a
finite number of events. The theorems which we derive here can
be applied also to the problems connected with an infinite number
of random events. However, when the latter are studied, essen-
tially new principles are used. Therefore the only axiom of the
mathematical theory of probability which deals particularly with
the case of an infinite number of random events is not introduced
until the beginning of Chapter I1 (Axiom VI).

The theory of probability, as a mathematical discipline, can
and should be developed from axioms in exactly the same way
as Geometry and Algebra. This means that after we have defined
the elements to be studied and their basic relations, and have
stated the axioms by which these relations are to be governed,
all further exposition must be based exclusively on these axioms,
independent of the usual conerete meaning of these elements and
their relations.

In accordance with the above, in § 1 the concept of a field of
probabilities is defined as a system of sets which satisfies certain
conditions. What the elements of this set represent is of no im-
portance in the purely mathematical development of the theory
of probability {(ecf. the introduction of basic geometric concepts
in the Foundations of Geometry by Hilbert, or the definitions of
groups, rings and fields in abstract algebra).

Every axiomatic (abstract) theory admits, as is well known,
of an unlimited number of concrete interpretations besides those
from which it was derived. Thus we find applications in fields of
science which have no relation to the concepts of random event
and of probability in the precise meaning of these words,

The postulational basis of the theory of probability can be
established by different methods in respect to the selection of
axioms as well as in the selection of basic concepts and relations.
However, if our aim is to a::hitive the utmost simplicity both in




2 I. Elementary Theory of Probability

the system of axioms and in the further development of the
theory, then the postulational concepts of a random event and
its probability seem the most suitable. There are other postula-
tional systems of the theory of probability, particularly those in
which the concept of probability is not treated as one of the basic
concepts, but is itself expressed by means of other concepts.’
However, in that case, the aim is different, namely, to tie up as
closely as possible the mathematical theory with the empirical
development of the theory of probability.

1. Axioms®

Let 5 be a collection of elements ¢, . {, . . ., which we ghall eall
elementary events, and % a zet of subszets of E; the elements of
the set § will be called random events.

I. %5 a field® of sets.
1. & containg the set E.
III. To each set A in §§ is assigned a non-negative real number
P(A). This number P{A) iz called the probability of the event A,
IV. P{E)} equals 1.
V. If A and B hove no element in common, then

P(A+B)=P(A) +P(B)

A system of sets, §, together with a definite assignment of
numbers P(A), satisfying Axioms 1-V, is called a field of prob-
ability.

Our aystem of Axioms I-V is consistent. This is proved by the
following example, Let E consist of the single element ¢ and let i

consist of £ and the null set 0. P(E) is then set equal to 1 and
P(0) equals 0,

' For example, R. von Mises[1]and [2] and 5. Bernstein [1].

! The reader who wishea from the outset to give a concrete meaning to the
following axioms, is referred to § 2.
' Cf. Hausoorrr, Mengenlehre, 1927, p. T8, A system of sets is called a field
if the sum, product, and difference of two sets of the aystem also belong to the
same system. Every non-empty field containg the null set 0, Using HausdorfT's
notation, we designate the product of A and B by AF; the sum by A+ F in
the case where AB=10; ;:-.5 in the general ease {y A+ B; the difference of
A and B by A—B. The set E-A, which is the complement of 4, will be denoted

A. We shall assume that the reader is familiar with the fundamental rules
of operations of sets and their sums, products, and differences, All aubsets
of [ will be designated by Latin capitals,

§ 2. The Relation to Experimental Data 3

Our system of axioms is not, however, complete, for in various
problems in the theory of probability different fields of proba-
hility have to be examined.

The Construction of Fields of Probability. The simplest fields
of probability are constructed as follows. We take an arbitrary
finite set E= (£, &, ... &) and an arbitrary set {p,, pa. ... P2}
of non-negative numbers with the sum p, + p. + ...+ =1
& is taken as the set of all subsets in E, and we put

P{E. &, ..udy)=o, + o+ + Bige

In such cases, p,, psy . . . , 1 are called the probabilities of the
elementary events &, &, ..., & or simply elementary probabili-
ties. In this way are derived all possible finite fields of probability
in which #% consists of the set of all subsets of E. (The field of
probability is called finite if the set E is finite.) For further
examples see Chap. II, § 3.

§ 2. The Relation to Experimental Data®

We apply the theory of probability to the actual world of
experiments in the following manner:

1} There is assumed a complex of conditions, &, which allows
of any number of repetitions.

2) We study a definite set of events which could take place as
a result of the establishment of the conditions &. In individual
cases where the conditions are realized, the events cccur, gener-
ally, in different ways. Let E be the set of all possible variants
¢, 3 . . . of the outcome of the given events. Some of these vari-
ants might in general not occur. We include in set E all the vari-
ants which we regard a priori as possible,

3) If the variant of the events which has actually occurred

‘ The reader who is interested in the purely mathematical development of
the theory only, need not read this section, sinee the work following it is based
only upop the axioms in § 1 and makes no use of the present discussion. Here
we Timit purselves to a simple explanation of how the axiome of the theory of
prnbn'h‘ilitiy arose and disregard the dee? philosophical dissertations on the
concept o Fruhnl:ilit:.r in the experimental world. In establishing the premises
necessary for the applicability of the theory of probability to the world of
?ﬁml e;gné;. the author has used, in large measure, the work of R. v. Mises,

pp. &l-ci.
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4 L. Elementary Theory of Probability

upon realization of conditions & belongs to the set 4 (defined in
any way), then we say that the event 4 has taken place.

Example: Let the complex & of conditions be the tossing of a
coin two times. The set of events mentioned in Paragraph 2econ-
sists of the fact that at each toss either a head or tail may come up.
From this it follows that only four different variants {elementary
events) are possible, namely: HH, HT, TH, TT. If the “event A"
connotes the occurrence of a repetition, then it will consist of a
happening of either of the first or fourth of the four elementary

events. In this manner, every event may be regarded as a set of
elementary events,

4) Under certain conditions, which we shall not discuss here,
we may assume that to an event 4 which may or may not occur

under conditions @, is assigned a real number P{A) which has
the following characteristics :

(a) One can be practically certain that if the complex of con-
ditions & is repeated a large number of times, i, then if m be the

number of occurrences of event A, the ratio m/n will differ very
slightly from P(4).

(b) If P(A) is very small, one can be practically certain that

when conditions & are realized only once, the event A would not
oceur at all,

The Empirical Deduction of the Axioms. In general, one may
assume that the system § of the observed events A, B, C, ... to
which are assigned definite probabilities, form a field containing
as an element the set £ (Axioms I, 11, and the first part of
IT1, postulating the existence of probabilities), It is elear that
0=m/n=1 so that the second part of Axiom III is quite natural.
For the event E, m is always equal to n, se that it is natural to
postulate P(EF) =1 (Axiom 1V). If, finally, 4 and B are non-
intersecting { incompatible), then m = mty -+ m. where m, m,, m,
are respectively the number of experiments in which the events
A + B, A, and B occur. From this it follows that

i

.
n_n+n'

It therefore seems appropriate to postulate that P{4 +B) =
P(A) + P(B) (Axiom V).

£3. Notes on Terminology 5

Remark 1. If two separate statements are each practically
reliable, then we may say that simultaneously they are bﬂtl'!. r:]l:-
able, although the degree of reliability is somewhat lcfwered in the
process, If, however, the number of such statements is very large,
then from the practical reliability of each, one cannot deduce any-
thing about the simultaneous correctness of all of them. 'ijherefure
from the principle stated in (a) it doea‘ not follow tha.t ina VEI:ﬁ
large number of series of n tests each, in each the ratio m/n wi
differ only slightly from P(4).

Remark 2. To an impossible event (an empt:-:r get) curreﬂ-
sponds, in accordanece with our axioms, the probability P(0) =.Cr !
but the converse is not true: P(4) =0 dues‘ not imply the im-
possibility of 4. When P(4) = 0, from prinr.?lpie (b} all we can
assert is that when the conditions & are realized but once, even:

4 is practically impossible. It does not at all aaser_t. however, tha
in a sufficiently long series of tests the event A will not oceur. On
the other hand, one can deduce from the principle (a) lr:tsrely that
when P(A) = 0 and n is very large, the ratio m/n will be very
small (it might, for example, be equal to 1/n}.

§ 3. Notes on Terminology

We have defined the objects of our future atlud:.f, random
pvents, as sets, However, in the theory of probability many s.let.—
theoretic concepts are designated by other terms. We shall give
here a brief list of such concepts.

Theory of Sets Random Events
1. A and B do not intersect, 1. Events 4 and B are in-
ie, AB = 0. compatible.
2, AB.. . N =10, 2, Events 4, B, ..., N are
1 incompatible,

3. Event X is defined as the
simultaneous occurrence of
events 4, B, ..., N.

4. Event X is defined as the
gecurrence of ab least one of
the events 4, B, ..., N.

ff. &4, Formula (8).




























































































































