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Introduction

There are many papers on conformal prediction that provide
NCMs for single-output regression.
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Introduction

There are many papers on conformal prediction that provide
NCMs for single-output regression.

oj can be used to get an individual interval size based on the
difficulty to predict.

Standard interval size
xZ
2a;

Conformal

©x,
2a50,
Normalized interval size
of the easy object x;

Regressor

2a,0,
1 Normalized interval size
of the hard object x;

Conformal interval sizes of two objects with the
same regressor prediction
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Introduction

How about when we have more than one target to predict at
once?
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Introduction

How about when we have more than one target to predict at
once?

Within the MTR setting, each x; is associated to multiple outputs
such that y; is a m-dimensional real valued target
yi=(W'...,y™ € YwithY=R"
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Introduction

How about when we have more than one target to predict at
once?

Within the MTR setting, each x; is associated to multiple outputs
such that y; is a m-dimensional real valued target
yi=(W'...,y™ € YwithY=R"

The conformal prediction method should thus include conformal
regions for all targets at once, and provide a global validity
guarantee as required by the user.
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Introduction

How about when we have more than one target to predict at
once?

Within the MTR setting, each x; is associated to multiple outputs
such that y; is a m-dimensional real valued target
yi=(W'...,y™ € YwithY=R"

The conformal prediction method should thus include conformal
regions for all targets at once, and provide a global validity
guarantee as required by the user.

Objectives

Propose a new flexible NCM that takes into consideration all m
targets for MTR.
Obtain a global confidence level instead of an individual one for

each target.
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Copula-based Conformal MTR [1]

Hyper-rectangles for Conformal MTR

o Within the MTR setting, each x; is associated to multiple
outputs such that y; is a m-dimensional real valued target
yi=W,...,y" € Ywith Y =R™
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Copula-based Conformal MTR [1]

Hyper-rectangles for Conformal MTR

o Within the MTR setting, each x; is associated to multiple
outputs such that y; is a m-dimensional real valued target
yi=W,...,y" € Ywith Y =R™

« For a new instance x,. 1 , let 2{7+1,7,,+1 be respectively the
lower and upper bounds of their individual interval predictions
for each target y/.
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Copula-based Conformal MTR [1]
Hyper-rectangles for Conformal MTR

o Within the MTR setting, each x; is associated to multiple
outputs such that y; is a m-dimensional real valued target
yi=W,...,y" € Ywith Y =R™

« For a new instance x,. 1 , let 2{7+1,7,,+1 be respectively the
lower and upper bounds of their individual interval predictions
for each target y/.

o We define the hyper-rectangle [y,.1)], to which a global
ground truth y,. 1 of a new example x,.; should belong to get
a valid prediction, as :

~ ~j ~J
10 N A
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Hyper-rectangles for Conformal MTR
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Suppose that m =2
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Copula-based Conformal MTR
Hyper-rectangles for Conformal MTR
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Copula-based Conformal MTR

How to obtain a global validity using copulas ?

o Instead of choosing individual significance levels €', ..., ™ for
each target, we define a global significance level ¢,.

o For this global confidence level 1 — ¢4, we have

P(Yni1 € [Yo1]) > 1 — €g-
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Copula-based Conformal MTR

How to obtain a global validity using copulas ?

o Instead of choosing individual significance levels €', ..., ™ for
each target, we define a global significance level ¢,.

o For this global confidence level 1 — ¢4, we have

P(yn—H S [yn—H]) >1 - €g-

o We use copulas C to take advantage of the dependence
structure between the m targets by giving ¢, in function of
€', ..., e™ following Sklar's theorem :

Cl—¢€,....1 =" =1—¢,
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? Results

Results on "sgemm" data set (copulas)

80

60

Validity (%)

40

Empirical validity for sgemm

—=—— Calibration line

Independent Copula
Gumbel Copula
-~ Empirical Copula

0.0020

0.0015

0.0010

0.0005

Hyper-rectangle median volume for sgemm

= &

Independent Copula Gumbel Copula  Empirical Copula

— Results are great, but hyper-rectangles are not very flexible. We
can use a better shape.
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Ellipsoidal Conformal MTR
How about ellipsoids ?

Suppose that m =2

2

y
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How about ellipsoids ?

Suppose that m =2

2

y

= Positive correlation
= Negative correlation
—Weak correlation

[yn+1]s
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Standard Global Ellipsoidal NCM (SGE)

Based on an ellipsoid shape, we can define a standard global
ellipsoidal NCM [2] as follows :

Q= \/(}/i - }A//')Ti*1 (i — %),

where y; — Ji is a vector and 3" is the sample inverse-covariance
matrix globally estimated from the training data’s errors.
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EII|p50|daI Confo maI MTR
Standard Global Ellipsoidal NCM (SGE)

Based on an ellipsoid shape, we can define a standard global
ellipsoidal NCM [2] as follows :

Q= \/(}/i - }A//')Ti*1 (i — %),

where y; — Ji is a vector and 3" is the sample inverse-covariance
matrix globally estimated from the training data’s errors.

— Standard approach, with the non-conformity score not tailored
for each instance.
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Ellipsoidal Conformal MTR
Normalized Local Ellipsoidal NCM (NLE)

The ellipsoid E; given by the NCM

o =\ = )8 (i - ),

which center is the regressor’s prediction y;, and covariance matrix

&1

I
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Ellipsoidal Conformal MTR
Normalized Local Ellipsoidal NCM (NLE)

The ellipsoid E; given by the NCM

o =\ = )8 (i - ),

which center is the regressor’s prediction Vi, and covariance matrix

—1

Z
is 2,

The volume of E;, its predictive efficiency, is equal to the standard
AN\ 1/2

volume of an ellipsoid :  Vol(E;) = a7 det (Z,-) Vol(Bp),

where B, = {y € R™: ||y||2 < 1} is the unit ball.
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Ellipsoidal Conformal MTR

Local covariance matrix estimation

S, =ACovi+ (1 -\

3 : the global covariance matrix estimated from error rates over all
training instances in Z",

Cov; : the local covariance matrix of instance x;,

A @ a parameter to control the trade-off between 3 and Cov..
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Ellipsoidal Conformal MTR

Local covariance matrix estimation

S, =ACovi+ (1 -\

3 : the global covariance matrix estimated from error rates over all
training instances in Z",

Cov; : the local covariance matrix of instance x;,

A @ a parameter to control the trade-off between 3 and Cov..

— To estimate CE)V,-, we use a kNN modeAI to get the k nearest
instances x; € Z" from x;, and estimate Cov; from the observed
errors (y; — J;) for instances x;.
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Overall approach
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Ellipsoidal Conformal MTR
Overall approach

Test Sample Input

training
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nderlying algorithm
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Ellipsoidal Conformal MTR

Overall approach

training

(Xlr'.ytr')

1) Split
data set

(XC“[A Y(‘ul)
N~

o Y
C Test >

(Xr.c. Y{s)

N~

Test Sample Input

3) Difficulty
Estimation

MLP toget j1;
OR

llipsoidal NCMs? kNN to get Z;

Underlying algorithm

Normalizing algorithm
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Overall approach

Test Sample Input
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— 1 Ellipsoidal NCMs? kNN to get Z;
1) Split -
data set '——————Ondertying algorTthm Normalizing algorithm
P T —
Estimate the empirical copula C X = [giiji)T)i( (Ui*gi)
1 ; I
y . (in descending order)
(X'UI‘ V& /l’) (dichotorhic search) I m
S @ ! « "a,l\ a 2%
~ 32 ~ v 1 eef Bsyeees Uq 9o
82 (wrtehoan 1 & plrcentile g
N
Test
( Xts yts )
< utc 15

Ellipsoidal conformal inference for Multi-Target Regression
Recherche




Ellipsoidal Conformal MTR
Overall approach

E heudiasyc

Ellipsoidal Conformal MTR
Overall approach

Test Sample Input

training

MLP toget
OR

Ilipsoidal NCMs? kNN to get f.-

3) Difficulty
Estimation

1)
data set

Underlying algorithm

| —

Normalizing algorithm

Calibration>

Estimate the empirical copula C
! in descedling ord
(Xcul Ycul) 1 (in Escel ing order) .
’ (dichotomic search) =
Le 1 A 33
N~ F4 % o~ as, (\ 5,'""% 28
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e N N N B
Test N INS kil 5 N
S e [” ]*Xm [A, —=J ] N
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5) Predict the Hyper-rectangle/Ellipsoidal
prediction region for each example
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Results
Synthetic data set

The synthetic data set aims at assessing the performance of all
NCMs by controlling the dependence structure between
2-dimensional outputs with :

0.7 0.3

y=Ax+¢ W|thA:[0.2 08

} and ¢ ~ N (0, Sy).

H 4 A X, Jbj
with S, = Zi:1 % X COVM

N e

aaaaaaaaaa
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Results
Results on synthetic data

synthetic (k = 2) €= 0.01 c=0.05 =01 c=0.15 c=02

Validity  SEC 9921 £0.12 9511 +0.23 90.25+0.35 8507 +045 80.07+0.79
NEC 99.24 +£0.11 95.08+0.31 90.26£0.39 84.99+0.41 80.12+0.81
SGE 98.97 £0.17 95.02+0.37 90.00£0.50 84.95+049 79.9440.73
NLE - Ours 99.01+£0.15 94.890.28 90.02+0.48 84.91+0.33 80.00 -+ 0.45

Efficiency SEC 395+013 2832+004 1.75+003 1.39+002 1.16+0.02
NEC 3994014 2324004 176+0.03 1.38+£0.02 1.16=0.02
SGE 4194+017 251+£0.05 1.84+£004 1462002 1.2040.02

NLE-Ours 285+0.07 1.81+002 139+002 114+0.01 0.97+0.01

TABLE — Validity and efficiency results for synthetic data.
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Results on synthetic data

Results
Results’ visualization on synthetic data

(a) Standard Empirical Copula (b) Normalized Empirical Copula  (c) Standard Global Ellipse (d) Normalized Local Ellipse
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Results on real data

Results
Real data sets

Nam Instances Features Targets
esidential buildin®w, 372 105 2
music orgin 1059 68 2
bias correction 7750 25 2
jura 359 15 3
scpf 1137 23 3
indoor localization 21049 520 3
sgemm 241600 14 4
% 337 411 6
atp7d 296 411 6
rfl 9125 64 8
2 9125 576 8
639 413 12
@ 1060 16 14
scmld 9803 280 16
scm20d 8966 61 16
. 403 298 16
$ 334 263 16
community crime 2215 125 18
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Results
Results on real data

2'¢=0.1 Validity Efficiency

SEC NEC SGE NLE-Ours  SEC NEC SGE NLE - Ours
res building 8548 +4.02 8575+5.08 89.54+511 0.30+0.07 0.22+0.06 0.31 £0.08 0.17 +0.05
enb 84 5 87.23+4.15 89.57+522 0.13+0.03 0.08 £ 0.02 0.11 40.02 0.04 +0.02
music origin  88.76 359  88.66 +2.64 89.70+4.80 89.05+4.30 10.98+1.11 16.54 + 3.30 10.60 + 1.41 9.55+0.73
bias corr 89.98+0.93 9042+1.32 90.24+1.06 90.29+1.48 1.47+0.06 1.32+£0.05 1.37 £0.05 1.19+£0.07
jura 86.93+6.20 8581469 86.64+522 88.30+803 2429+1414 1279757 12.89 £ 4.26 10.17 £ 5.60
scpf 8452 1518 8426495 87.86+502 87.87+4.75 377°+6.83"° 1.26"0+281"0 4.87"+8.71° 69.59 + 89.96
indoorloc ~ 90.32+£0.48 90.32+0.58 90.37+£0.96 90.11+0.89  0.06 +0.01 0.05+0.01 0.07 +0.01 0.29 +0.03
sgemm 90.04+0.17 90.05+0.27 89.98+0.20 90.03+0.17 8.45°5+£256° 7.345+315° 1.845+4937 1.155+3417
atp1d 72.094+11.19 66.74+10.73 85.18+7.08 8578+550 6.25+3.47 1.02+1.15 8.17 £5.63 0.47 +0.45
atp7d 722941182 6854+1296 8182+ 1041 86.13+10.83 8.07+10.73 0.64+0.35 6.84 £9.23 411+757
i 89.10+£2.14 89.13+1.99 90.04+150 90.20+153 5757+£3797 3607 +2167 6207 £5277 4.14°+334°°
r2 90.18£1.53 89.79+1.76 90.26+1.31 89.98+1.36 7.5077£4.407 3137 +2387 6497+4.967 4.44°8+£241°°
osales 81391702 7886+7.88 86.71+3.95 88.12+4.64 5.60°+9.55°  1.20'°+£345' 1.475+246°  8.08% +1.26°
wq 7274+ 443 78494276 89.15+4.91 87.55+3.91 1.310+627° 3937+1.18'"" 1.16°+7.06%  1.35°+1.08°
semid 89.70+1.27 89.60+1.61 90.07+127 9042+125 6.86*+292° 1.12°+6.222  4212+179%  8.86+3.42
sem20d 88.23+1.14 88.72+1.64 89.26+1.02 8945+1.15 7.98°+657°  7.02°+3.85* 3213+£227°  5.522+3542
oes10 7415+£13.92 66.13+19.95 87.57+8.13 88.58+6.84 7.62°+223°  1.05°+£286°  1.83°+4.83°  825°+1.26*
0es97 69.11£8.18 62.94+ 1506 89.22+6.47 87.99+7.41 1.45°+4.16° 3.86° + 8.38° 6.90° = 1.537 1.187 +1.827

com crime 86.18 = 3.51 84.61 +3.04 90.21 £3.66 89.03+234 5.19°+9.74° 7.05% £ 7.61% 1.17% £1.49° 2.80+7.01
We note X" the value X x 10",

TABLE — Validity & efficiency results. For validity, in red are mean values
lower than 80% and in orange are mean values between 80% and 85%.
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Results
Results’ visualization on real data
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(a) Standard Empirical Copula (b) Normalized Empirical Copula  (c) Standard Global Ellipse (d) Normalized Local Ellipse

Results” visualization for the data set “enb” with e = 0.1.

. = [ l } = 50 HER -
1 8 | | gt | 0P | |

(a) Standard Empirical Copula (b) Normalized Empirical Copula  (c) Standard Global Ellipse (d) Normalized Local Ellipse

Results’ visualization for the data set “residential building” with e = 0.1.
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Conclusion :
o New non-conformity measures for multi-target regression with
a more flexible ellipsoidal shape based on the local
covariance matrix of the instance.

o Tighter volumes compared to other NCMs while maintaining a
validity defined by the required global confidence level.
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Conclusion :
o New non-conformity measures for multi-target regression with
a more flexible ellipsoidal shape based on the local
covariance matrix of the instance.

o Tighter volumes compared to other NCMs while maintaining a
validity defined by the required global confidence level.

Perspectives :
o Look for other ways to estimate the local covariance matrix
(density estimation,. . .).

o Adapt our approach to other methods such as jack-knife+ [3].

o Work on other Multi-Task Learning problems.
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Thank you for your attention !
Questions ?
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